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Random Numbers with Binomial Distributions

Bill Cowan

I  Introduction

These notes are a summary of what I have taught in class, with the mathematical details filled in. Everything
here you can find in the text, but what is presented is limited to what I taught in class. You can consider the
notes as intermediate between the lectures and the text, and I suggest that you use whatever you find easiest
to learn from. They mostly follow the terminology of the text.

II  The Binomial Distribution

The binomial distribution is the sum of Bernoulli variables. That is, if we perform the same test times,

with the same probability of success, , each time the probability of getting exactly  successes is

.

The cumulative distribution function does not have a closed form solution like the geometric distribution.
However, the binomial distribution has close relationships with several other distributions, so creating
binomially distributed random variates illustrates indirect methods of creating random variates in interesting
ways.

II.1  Relationship to Bernoulli Distribution
Generating a Bernoulli distributed random variate from a uniformly distributed one is easy.

1. Generate a uniformly distributed random number .

2. If  then the Bernoulli random deviate is 1,
3. otherwise it is 0.

Since a binomial random deviate is the sum of  Bernoulli random deviates we can generate a binomial
random deviate as follows.

1. Generate  Bernoulli random deviates, .

2. Then  is a binomial random deviate.

This is a good techniaue if  is small, but not very efficient when  is large.

II.2  Relationahip to Poisson Distribution

If  is large and  small, such that as , then we get the situation that most of the random

deviates are small, even though  is large. Then

.
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There are  factors close to  in the numerator pf the combinatorial factor, and  factors of  in the

denominator of . In the limit those factors cancel. Finally, in the limit

.

so that we have the Poisson distribution,

.

We then use Possion variates as a model of binomial variates for the limit when is large but is small.
How do we generate a Poisson variate?

II.3  Relationship to Normal Distribution
      <li>x is the order of n
        <ul>
          <li>f(x) -&gt; exp(-(x-\mu)^2 / 2\sigma)</li>
          <li>See continuous distributions, below.</li>

III  The Poisson and Exponential Distributions

The Poisson distribution arises as a limit of the binomial distribution where the number of tries gets very
large while the number of successes remains small, as demonstrated in §II.2. It also has an important
relationship to the exponential distribution: when the interarrival time is distributed by an exponential
distribution, then the number of arrivals in a fixed amount of time is distributed by a Poisson distribution.

The parameter  in the Poisson distribution is the average number of arrivals, and it obviously scales
with time: the average number of arrivals in two minutes is twice the average number of arrivals in one
minute. We can break out the time dependence by writing , where is the number of arrivals per
second. Then,

.

Now, the probability that zero arrivals occur in the next  seconds is , which is the same as the

probability that the next arrival is more than  seconds in the future. Thus,

,

where  is the cumulative distribution function for the interarrival distribution. Differentiating, the

probability density function for the interarrival time distribution is , which is an exponential
distribution.

III.1  The Exponential Distribution is Memoryless
The most important property of the expoential distribution is that it is memoryless: that what will occur in
the future is independent of what occurred in the past. This property makes it an attractive model of the
workload created by a large number of independent requesters. The definition of independence for random
variables is given in terms of conditional probability: if the probability of event A occurring given that event
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B occured is equal to the probability that event A will occur regardless of whether or not B occurred then
we call the events independent. We write this mathematically as follows:

,

where we have included the definition of conditional probability.
Now suppose that event B is that the first arrival is after , and that event A is that the first arrival occurs

after . The conditional probability is given by the interarrival time. Then

,

and

.

Finally,

.

To interpret this result. Suppose we have been waiting  seconds and no event has yet occurred. What is

the distribution time of the amount we will wait until an event occurs. We see that the amount of time we
still have to wait does not depend on how long we have waited so far. This is what it means to be
memoryless: the amount of time we have to wait now is independent of what has happened in the past.
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