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i. Administrativia

Due date and time. During the first five minutes of class: 13.30, 29 March,
2010. Late assignments must be handed in to the TA, in person.

Hand in. The answers should be prepared using a word processing
program, preferably LaTeX, with a neatly printed copy handed in.*

ii. Question 1 (20 marks)
Applying a Birth & Death Model

The average response time for a web server delivering pages is observed to
be 4 seconds. The server is observered to be idle 20% of the time. Assume
that the system has exponential arrival and service rates, and answer the
following questions.

a. Is the system stable?
b. What is the system utilization?
c. What is the average service time per query?
d. What is the expected number of requests serviced in 10 seconds?
e. What is the average number of requests in the system?

iii. Question 2 (48 marks)
Simple Birth & Death Models

In class we examined in some detail a collection of birth & death models
with a exponentially distributed arrival rates and service times. All these
models had arrival rates and service times that were independent of
congestion in the server. Except for the finite queue all the systems we
studied were unstable in the face of increasing arrival rates.

Qualitatively, we discussed what happens in the real world: as
congestion increases service times lengthen, arrival rates decrease and the

* Presentation and ease of reading/understanding have an unquantifiable, but
unquestionably large, influence in marks awarded.



cs457: w10 – Assignment 4

2 / 3 March 26, 2010 12:17 pm

system stablizes. This question asks you to contrast three somewhat
different systems in which , the average arrival rate, decreases as the
number of requests in the system increases, while the average service time,

, remains constant. The three systems are:
1. the system we examined in class, where  is independent of the

number of requests in the system, ;

2. a system where increases gently with the number of requests in the

system, , where we take ; and

3. a system where  decreases strongly with the number of requests in

the system, , where we take .

Please answer the following questions about these systems.
a. For each system, write the load, , for general  under the

assumtpion that . Use the definition .

b. For each system solve the balance equations in terms of .

c. For each system calculate the normalizing constant .

d. For each system calculate the average number of requests in the
server.

e. For each system calculate the average response time.
f. For each system calculate the utilization.
g. For each system describe and explain the results

a. What happens when  is close to zero?
b. Is there a singularity, and, if so, where?
c. What happens if you try to operate with utilization close to one?

iv. Problem 3 (32 marks)
A Two-server Birth & Death Model

Consider the two-stage
tandem queue model shown
to the right. All requests
arrive at the system in queue
1, which is infinite in size.
When service by server 1 is
complete, the requests
enters queue 2 for service at server 2. However, server 2 and its queue have
capacity for only two requests. If there is no room in server 2 for a request
serviced by server 1, then the request is removed from the system*.

Assume that the interarrival time of external arrivals is exponentially
distributed with rate , and that the service times at servers 1 and 2 are

* aka, ‘dropped on the floor’.
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 and . Let the state of this model be , the number of

requests in each server/queue. (  and .)

a. Draw the state transition diagram for this system, labelling the
transitions with the rates.

b. Write a complete set of balance equations for the steady state. You
need them for the boundary states as well as for the general state.

c. Show that the solution , where  is a constant,

solves the balance equations.
d. Calculate .
e. Calculate  and .

f. Calculate the average number of requests discarded because there is
no room for them in server 2, as a fraction of the total number of
arriving requests.
Discuss how the fraction of discarded requests vary as  and

vary, explaining intuitively why you see the behviour you are
describing.
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