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Projection is an essential part of computer graphics: it implements the
optics of a camera – or pseudo-camera – to put a scene into a lower
dimensionality for display. The underlying mathematics, from the
engineering point of view, were created and thoroughly explored during
the Italian Renaissance. It was formalized during the nineteenth century,
and generalized, i.e. made more abstract, during the twentieth.

It is usual in teaching computer graphics to treat projection as an
entirely solved problem. Students are given an overview of how it works,
and a black box, the perspective projection matrix, and off they go.
However, recent advances in visual perception, non-photorealist rendering
and modelling with billboards demand more understanding of the
mathematics of projection than is provided by the traditional approach.

This addition to the notes gives the mathematics of projection and
illustrative diagrams in a more precise and organized form than was
possible either in my notes or on the board in class. The treatment is
concrete and intuitive, rather than abstract and formal. Suffice it to say
that what is here can be formalized into a very pretty piece of
mathematics, either projective geometry or representation theory for
symmetry groups, but in either form turning the mathematics into
calculations is far from transparent.

A. PROJECTING FROM A LINE TO A LINE

Figure 1, below, shows two lines, and a point of projection. In general two
lines require four dimensions to contain them, and they can easily fail to
intersect without being parallel. Thus, a 4D pencil of straight lines passes
through the point of projection. A 2D subset of them pass through the first
line, which occurs because a line plus a point define a unique plane. These

lines all intersect the other line only if it lies in this plane.* Thus, general
projection from 1D to 1D is a 2D problem.

* Neglecting a few uninteresting special cases.
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Figure 1 shows the two lines and the point of intersection drawn in their
common plane. Each line in the pencil maps a point on one line to a point
on the other, and the mapping in invertible.

This is, of course, only true when the point of projection is in a general
position. When the point of projection lies on one of the lines the the
entire other line projects to that point. This degeneracy will be important
when discussing higher dimensional cases.

It’s possible to go on from here and prove lots of nice properties of
projective transformations, which are actually the closure of
transformations like the one shown in the figure. (If you are interested,

Coxeter’s book* is a often recommended as a good place to start.) But we
are interested in computer graphics, so that we want to compute, which
means we want to put numbers onto such diagrams, which is only
possible when there is a coordinate frame. In the case of a line, a
coordinate frame amounts to an origin plus a single basis vector. Figure 1

also shows the origins, and , and the basis vectors. In terms of

these coordinate system each point on a line is identified by its coordinate,

 or , each of which is a real number.

Figure 1. Two lines and a point of projection, , that maps points on one

line, such as , to points on the other line, such as . Coordinate

frames are also shown, in terms of which each points are represented as
 or .

* Coxeter, Projective Geometry.
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Now let’s try to find a mathematical relationship between the

coordinates. An arbitrary point on line 1 is , and on line

2 is . The line passing through and is the set of

points

.

lies on this line, so there is a such that . This

leads to the equation

Taking the dot product with  and , we get

,

and

.

Eliminating  we get

,

which solves to

,

where

This is a Möbius transformation, which is the general form of a coordinate
relationship for a projective transformation. Möbius transformations map
straight lines to straight lines, but do not preserve distances. They are the
simplest generalization of linear transformations, preserving almost all the
properties of linear transformations.

Möbius transformations have four useful properties.
1. The composition of two Möbius transformations is a Möbius transfor-

mation.
2. The inverse of a Möbius transformation is a Möbius transformation.

3. The unit Möbius transformation is  and .

P1 O1 x1 î1+=

P2 O2 x2 î2+= P P1

L t( ) P t P1 P–( )+=

P2 t P2 P t P1 P–( )+=

O2 P–( ) x2 î2+ t O1 P–( ) x1 î1+( )=

n̂2 î2

n̂2 O2 P–( )⋅ t n̂2 O1 P–( )⋅ x1 î1 n̂2⋅( )+( )=

î2 O2 P–( )⋅ x2+ t î2 O1 P–( )⋅ x1 î2 î1⋅( )+( )=

t

x2

î2 O1 P–( )⋅ x1 î2 î1⋅( )+( ) n̂2 O2 P–( )⋅( )
n̂2 O1 P–( )⋅ x1 î1 n̂2⋅( )+

---------------------------------------------------------------------------------------------------- î2 O2 P–( )⋅( )–=

x2

Ax1 B+

Cx1 D+
---------------------=

A n̂2 O2 P–( )⋅( ) î2 î1⋅( ) î2 O2 P–( )⋅( ) î1 n̂2⋅( )–=

B n̂2 O2 P–( )⋅( ) î2 O1 P–( )⋅( ) î2 O2 P–( )⋅( ) n̂2 O1 P–( )⋅( )–=

C î1 n̂2⋅=

D n̂2 O1 P–( )⋅=

A D⁄ 1= B C 0= =
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4. Möbius transformations are a superset of affine transformations,
which have .

With these properties they form a group, of which the set of affine
transformations is a subgroup, a fact that is unimportant for computer
graphics.*

We are more familiar with such transformations in the homogeneous

matrix form where we get the point when the matrix multiplication

is followed by a normalization. Note that

there are only three degrees of freedom in the transformation because we
can divide the numerator and denominator by either C or D, whichever is
non-zero. It is convenient that composition of Möbius transformations is
isomorphic to multiplication of the homogeneous matrices.

Exercise for the reader. Show that the composition of two Möbius
transformations is a Möbius transformation.

Exercise for the reader. Show that the matrix representing the composition
of two Möbius transformations is the product of the matrices of the two
transformations.

a.1. AFFINE TRANSFORMATIONS AS A SPECIAL CASE OF MÖBIUS

TRANSFORMATIONS

An affine transformation is linear. Affine transformations are Möbius
transformations that have . Notice that the matrix representation

of an affine transformation has and , which we can set by
noting that Möbius transformations have only three free parameters in 1D.

The condition for an affine transformation amounts to . In

other words the two lines are parallel, as shown in Figure 2. There are
three special locations for the point of projection shown in the figure.

1. Points of projection lying on the line joining the two origins, and not
lying between the lines. Projection from these points scale about the
origin, scaling up on one side of the lines, scaling down on the other.
* You might think that it would be natural to perform all computer

graphics geometry using Möbius transformations. Currently, per-
spective projection is treated as a special case: most geometry is done
within an affine space. Currently this makes sense because perspec-
tive projection is indeed exceptional in almost all applications. There
is, however, no guarantee that computer graphics will remain this
way.
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2. Points lying on the line through the two origins, and between the two
lines. These projections both scale and reflect. The exact midpoint
between the two origins is a pure reflection, with no scaling.

3. Points lying at infinity. These projections translate, with the amount
of translation depending on the direction in which the projection
point goes to infinity. When it goes to infinity along the line joining
the two origins the translation is zero, and the transformation the
identity transformation.

Exercise for the reader. For each of the transformations listed above, work
out the coefficients of the Möbius transformation, and verify that it is the
affine transformation described above.

a.2. DIMENSION REDUCING PROJECTIONS

When the point of projection falls on one of the lines, the Möbius
transformation takes on a special form. Suppose, for example, it falls on

the second line, as shown in Figure 3. Then is equal to and

the coefficients of the transformation reduce to:

Figure 2. Affine transformations in 1D. The parallel lines show a
translation, with the point of projection, , at infinity. The dashed lines

show reflection in the origin, with the point of projection, , at the mid-

point of the line joining the origins. The dotted lines show pure scaling,
with the point of projection, , on the line joining the origins and not

between the two lines. Other points of projection are combinations or
primitive transformations.
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,

with the result , which means that every value projects to .

This transformation projects a full line (1D) to a single point (0D), a
reduction of dimension..

a.3. GENERAL PROJECTIVE TRANSFORMATIONS

The geometry of a general projective map from 1D to 1D is shown in
Figure 4, which illustrates which points one line are mapped to where on
the other line. As we move along the first line from up and to the

right, the point maps further down and to the right on the other line.
When the point reaches , the intersection with line , a line drawn

through the projection point, , parallel to the other line, it is mapped to

infinity. Once past it is mapped from infinity in the other direction, and

moves down and to the right as the point opn the first line goes to infinity.
At infinity, it maps to the point , which is the intersection of the other

Figure 3. Two lines the point of projection, , lying on line of the lines. All
points on the other line project to that point.
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line with line , a line parallel to the first line passing through the point

of projection.

B. TRANSFORMING 2D TO 2D

When we map from one 2D space (a plane) to another the projection fits
into 3D. A plane plus a point of projection off the plane requires a 3D
space, and each line from the point of projection through a point on the
plane lies within that space. Therefore, if these lines are to intersection the
other 2D space it is necessary that the other space lie within the 3D space.

Figure 4. Illustration of the geometry of projection for general lines and
projection point.

Figure 5. Illustration of the projection of one line onto the other. The part
from negative infinity to maps from down to negative infinity. The

part from  to positive infinity maps from postivie infinity down to .
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Two planes in general position in a 3D space meet in a line. The geometry
is shown in Figure 6.

b.1. COORDINATE FRAMES

We use the technique of §a.1 to find coordinate relationships between
projected points. When we place coordinate frames in the planes a point in
the first plane is specified by the coordinates , which is shorthand

for

,

and in the second plane by , which is shorthand for

.

Note that the four basis vectors of the two planes are not linearly
independent. Any three of the four are independent, though, unless the
planes happen to be parallel. Each plane has a normal vector, and the two
vectors,  and  are linearly independent unless the planes are parallel.

As for line to line projection the equation defining the projection is
 or

.

We wish to solve for . so we take the dot product with , and

. The three equations that result are

.

They simplify to

Figure 6. Two planes and a projection point in 3D. Two instances of the
pencil of lines through  are shown.
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P2 O2 x2 î2 y2 ĵ2+ +=
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P1 P– t P2 P–( )=

O1 P– x1 î1 y1 ĵ1+ + t O2 P– x2 î2 y2 ĵ2+ +( )=

x2 y2,( ) î2 ĵ2

n̂2

O1 P–( ) î2⋅ x1 î1 î2⋅( ) y1 ĵ1 î2⋅( )+ + t O2 P–( ) î2⋅ x2+( )=

O1 P–( ) ĵ2⋅ x1 î1 ĵ2⋅( ) y1 ĵ1 ĵ2⋅( )+ + t O2 P–( ) ĵ2⋅ y2+( )=

O1 P–( ) n̂2⋅ x1 î1 n̂2⋅( ) y1 ĵ1 n̂2⋅( )+ + t O2 P–( ) n̂2⋅=
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.

These equations have the form

, (1)

with

.

Equation (1) is a Möbius transformation. Note that the two denominators
are the same, and that the matrix equation plus normalization provides the
same result:

t
O1 P–( ) n̂2⋅ x1 î1 n̂2⋅( ) y1 ĵ1 n̂2⋅( )+ +

O2 P–( ) n̂2⋅
--------------------------------------------------------------------------------------------=

x2

O1 P–( ) î2⋅ x1 î1 î2⋅( ) y1 ĵ1 î2⋅( )+ +

t
---------------------------------------------------------------------------------------- O2 P–( ) î2⋅( )–=

y2

O1 P–( ) ĵ2⋅ x1 î1 ĵ2⋅( ) y1 ĵ1 ĵ2⋅( )+ +

t
------------------------------------------------------------------------------------------ O2 P–( ) ĵ2⋅( )–=

x2

Dx1 Ey1 F+ +

Ax1 By1 C+ +
------------------------------------=

y2

Gx1 Hy1 I+ +

Ax1 By1 C+ +
------------------------------------=

A î1 n̂2⋅=

B ĵ1 n̂2⋅=

C O1 P–( ) n̂2⋅=

D î1 î2⋅( ) O2 P–( ) n̂2⋅( ) î1 n̂2⋅( ) O2 P–( ) î2⋅( )–=

O2 P–( ) î1 ĵ2×⋅=

E ĵ1 î2⋅( ) O2 P–( ) n̂2⋅( ) ĵ1 n̂2⋅( ) O2 P–( ) î2⋅( )–=

O2 P–( ) ĵ1 ĵ2×⋅=

F O1 P–( ) î2⋅( ) O2 P–( ) n̂2⋅( ) O1 P–( ) n̂2⋅( ) O2 P–( ) î2⋅( )–=

O2 P–( ) O1 P–( ) ĵ2×⋅=

G î1 ĵ2⋅( ) O2 P–( ) n̂2⋅( ) î1 n̂2⋅( ) O2 P–( ) ĵ2⋅( )–=

O2 P–( )– î1 î2×⋅=

H ĵ1 ĵ2⋅( ) O2 P–( ) n̂2⋅( ) ĵ1 n̂2⋅( ) O2 P–( ) ĵ2⋅( )–=

O2 P–( )– ĵ1 î2×⋅=

I O1 P–( ) ĵ2⋅( ) O2 P–( ) n̂2⋅( ) O1 P–( ) n̂2⋅( ) O2 P–( ) ĵ2⋅( )–=

O2 P–( )– O1 P–( ) î2×⋅=
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.

b.2. AFFINE TRANSFORMATIONS

As you might expect from the 1D result the 2D affine transformations are
a subset (actually a subgroup) of the 2D projective transformations, and
they occur when the two planes are parallel. When this occurs the
coefficients of the matrix take the form

,

and you can see that the coefficients in the bottom row of the matrix have
the correct form for an affine transformation, where we have divided the
coefficients through by the factor , which does not change

the transformation owing to the normalization.

b.3. DIMENSION-REDUCING PROJECTIONS – 2D TO 0D

As in the 1D case dimension-reducing projections occur when the point of
projection lies on one of the planes. Since we are solving for , we

will let it lie on plane 2 at coordinates . That is

.

Then the coefficients are

x2

y2

1

is the point as
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A B C

x1

y1
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A 0=

B 0=

C 1=

D î1 î2⋅( )
O2 P–( ) n̂2⋅
O1 P–( ) n̂2⋅

-------------------------------=

E ĵ1 î2⋅( )
O2 P–( ) n̂2⋅
O1 P–( ) n̂2⋅

-------------------------------=

F O1 P–( ) î2⋅( )
O2 P–( ) n̂2⋅
O1 P–( ) n̂2⋅

------------------------------- O2 P–( ) î2⋅( )–=

G î1 ĵ2⋅( )
O2 P–( ) n̂2⋅
O1 P–( ) n̂2⋅

-------------------------------=

H ĵ1 ĵ2⋅( )
O2 P–( ) n̂2⋅
O1 P–( ) n̂2⋅

-------------------------------=

I O1 P–( ) ĵ2⋅( )
O2 P–( ) n̂2⋅
O1 P–( ) n̂2⋅

------------------------------- O2 P–( ) ĵ2⋅( )–=

O1 P–( ) n̂2⋅

x2 y2,( )

xp yp,( )

P O2– xpî2 yp ĵ2+=
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The rows are multiples of one another; the matrix is doubly singular; and
every point, , maps to the point of projection. This projection

reduces dimension by two: a 2D surface maps to 0D.

b.4. DIMENSION-REDUCING PROJECTIONS – 2D TO 1D

There is a special case omitted in the previous section. The two planes
have a line in common, the intersection between the two planes. When
the projection lies within one of the planes, say plane one, then the lines
drawn between the point of projection in plane one, and points in plane
one, lie within plane one, and they all project into plane two along the line
of intersection. Thus, a 2D space, plane one, projects into a 1D space, the
line where plane one intersects plane two.

To see how this works we establish a convenient pair of coordinate
systems that has the following properties.

1. Put  on plane one. Then

 and .

2. Let the origin of plane two, , and the origin of plane 1, , lie at

the same point on the intersection line. Then

.

3. Let  be parallel to the line of intersection.
With these assumptions we get the following coefficients for the Möbius
transformation.

A î1 n̂2⋅=

B ĵ1 n̂2⋅=

C O1 P–( ) n̂2⋅=

D xp î1 n̂2⋅( )–=

E xp ĵ1 n̂2⋅( )–=

F xp O1 P–( ) n̂2⋅( )–=

G yp î1 n̂2⋅( )–=

H yp ĵ1 n̂2⋅( )–=

I yp O1 P–( ) n̂2⋅( )–=

x1 y1,( )

P

P O1– xpî1 yp ĵ1+= P O2– O1 O2– xpî1 yp ĵ1++=

O2 O1

P O2– xpî1 yp ĵ1+=

ĵ1 ĵ2 ĵ= =
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.

With these values we get

.

The value ensures that the projected point lies in the intersection line.

The  value is is the result we get from similar triangles.

Exercise for the reader. Draw the simple geometry of similar triangles and
make certain that you agree with the above results.

b.5. THE VIEW FRUSTRUM

We show a different way of manipulating Möbius transformations when
considering the view frustrum in 2D. It is analogous to the way we dealt
with affine transformations, defining a standard transform then building it
into a general one using other standard transforms. Our standard
transform is

.

As a matrix it is

.

Here are a few of its properties.

1. .

A î1 n̂2⋅=

B 0=

C xpî– 1 n̂2⋅=

D 0=

E 0=

F 0=

G ypî1 n̂2⋅=

H xp– î1 n̂2⋅=

I 0=

x2 0=

y2

x1 xp–( )yp y1 yp–( )xp–

x1 xp–
-----------------------------------------------------------=

y2 yp– y1 yp–( )
xp–( )

x1 xp–
----------------=

x2

y2

x2

x1

ax1 1+
-----------------=

y2

y1

ax1 1+
-----------------=

1 0 0
0 1 0
a 0 1

0 y,( ) 0 y,( )→
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2. .

3. .

4. .

5. .

It is important to interpret the last two of these properties correctly. In
homogeneous coordinates we would write 4 as

,

and with we would interpret it as a point transforming to a vector.
This vector is the limit of a sequence that goes to infinity in the direction

. So the vector can be interpreted as a point at infinity. There is a
‘circle’ of points at infinity, each one associated with a direction, and we
find the direction as the ratio of the two coordinates. Notice that 4 and 5
go in the limit to the same point but approach it from different directions.
The circle of points at infinity has two copies of each vector.

The diagram below shows the transformation when . The two
planes are superimposed, with their coordinate frames aligned. The red
arrows show the movements of points when the transformation is applied.
The y-axis (green) transforms into itself. Points at infinity (red) transform
to a curve with a cusp at . The vertical line through (blue)
transforms to the circle at infinity. The negative side of the x-axis (cyan)
transforms to the positive side of the x-axis. The positive side of the x-axis
(magenta) transforms to the negative side of the x-axis. It is a good exercise
to fill in other parts of the transformation.

The diagram below shows the view frustrum in two dimensions, with
the eye point at the origin. The near plane is units from the eye; the far

x 0,( ) x ax 1+( )⁄ 0,( )→

1
ε
-- x y,( ) 1 a⁄ y xa⁄,( )→

1– a⁄ ε+ y,( ) 1
ε
-- 1– a⁄ y,( )→

1– a⁄ ε– y,( ) 1
ε
-- 1 a⁄ y–,( )→

1– a⁄ ε+ y 1, ,( ) 1– a⁄ y ε, ,( )→

ε 0=

1– a⁄ y,( )

a 1=

1 0,( ) x 1–=

n
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plane is units from the eye, and the height of the view frustrum at the

near plane is  units.

Our goal is to transform this geometry so that the eye is at , the

near plane is at , the far plane is at and the height is .
First we must displace the eye point so that it will be transformed to the
correct position by the standard perspective matrix. A translation by

 is needed. The matrix is

.

The standard perspective transformation with is now applied. The
resulting matrix is

.

This matrix transforms points on the near plane to

, and points on the far plane to .

There are four points that particularly interest us, the corners of the
frustrum. They transform as follows.

f

h

2h

f

n

2hf
n

--------

∞– 0,( )
x 1–= x 1= 2

1– 0,( )

1 0 1–

0 1 0
0 0 1

a 1=

1 0 1–

0 1 0
1 0 0

1 0 0
0 1 0
1 0 1

1 0 1–

0 1 0
0 0 1

=

n y 1, ,( )

1 1
n
--–

y
n
-- 1, , 

  f y 1, ,( ) 1 1
f
---–

y
f
--- 1, , 
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.

The frustrum now has parallel sides. Its centre is at . Its

height is , and its length is . We first need to translate the centre

to the origin, then scale so that its height and length are both 2.
Appropriate matrices are

,

and we can now write the matrix for the complete transformation:

.

Exercise for the reader. Check that this matrix puts the corners of the view
frustrum in the right place.

Exercise for the reader. Check that this matrix is equivalent to the one in the
notes.

C. THE VIEW FRUSTRUM IN 3D

Exercise for the reader. Generalize the standard matrix method to 3D.

n h 1, ,( ) 1 1
n
--–

h
n
-- 1, , 

 →

n h– 1, ,( ) 1 1
n
--–

h
n
--– 1, , 

 →

f
hf
n
----- 1, , 

  1 1
f
---–

h
n
-- 1, , 

 →

f hf
n
-----– 1, , 

  1 1
f
---–

h
n
--– 1, , 

 →

1 f n+

2 fn
------------– 0 1, , 

 

2h
n

------
f n–

fn
------------

2 fn
f n–
------------ 0

f n 2 fn–+

f n–
---------------------------

0
n
h
-- 0

0 0 1

2 fn
f n–
------------ 0 0

0
n
h
-- 0

0 0 1

1 0 f n+

2 fn
------------ 1–

0 1 0

0 0 1

=

f n+

f n–
------------ 0

2 f– n
f n–

-------------

0
n
h
-- 0

1 0 0

2 fn
f n–
------------ 0

f n 2 fn–+

f n–
---------------------------

0
n
h
-- 0

0 0 1

1 0 1–

0 1 0
1 0 0

=


