1 Constraint Based Curve Manipulation

In this section we consider taking a curve, subjecting it to some require-
ment for modification, imposing some constraints, and then adjusting the
curve so that it responds appropriately. For spline curves, such adjustments
may involve changing knots, control vertices, and/or weights (if the curve
is rational). We shall be restricting ourselves later in this section to linear
adjustments and constraints. Since spline curves depend linearly only on
their control vertices, any consideration of knot and weight adjustments will
be dropped.

As a simple example, we might require that an existing curve pass through
a designated point and investigate what adjustments of the control vertices
would meet this requirement. Since a typical curve will depend upon m + 1
control vertices, Fy, ..., P, and the example imposes only one requirement,
we might expect that there are something like m degrees of freedom left
unspecified, providing no unique solution to the problem. In such a case, we
shall resolve the ambiguity by requiring the least possible adjustment to the
curve’s control vertices in some metric.

To be more specific, let
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represent the curve in its initial position and after modification, respectively.
Modifications are specified by requiring a target functional, ¢; e.g. to achieve
a specified value or a minimum
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In dynamic situations, ¢ and A may be functions of time.

Constraints are specified by constraint functionals f;, j = 0,...,c and
constraint values «y;. For each j the constraint may be an equality constraint
or an nequality constraint; that is, respectively,
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Again, these constraints may depend upon time.



A least adjustment will be given by a metric 4 and the requirement that
i (do, ..., dy) = min.

Thus, in general, we must confront a value-finding or minimization prob-
lem involving ¢, subject to ¢ 4+ 1 constraints in the m + 1 variables d; with
the possible side condition defined by u. To see how target and constraint
functionals might be derived, consult [17], where functionals corresponding
to a number of physically meaningful situations are presented. [2] catalogs
a more specific list of geometric constraints defined in terms of functionals
involving the control points and weights of a rational Bézier curve. In [13]
the target functional imposes “fairness” on a planar curve and a functional
constraining area is added. For surfaces, [12] employs a fairness functional
as the target; constraints are used to enforce continuity between patches and
provide certain shape characteristics. A reference for which the target func-
tional is defined by a data approximation problem, and the constraints are
simple requirements on the control vertices, is to be found in [14]. Going
to extremes, one may use a target functional alone with no constraints [10].
A good overview of numerical approaches to solving constrained problems,
when solutions exist, is given in [8]. A useful reference for the numerical
approaches to unconstrained problems would be [5].

We cannot assume that a solution exists for arbitrary versions of the
problem; in the references above, the functionals were chosen with care. For
restricted settings, however, assurances of a solution will be available. In
4, 16], for example, positive-definite quadratic ¢’s are considered, and the f;
are linear equality constraints, which reduces the problem to a simple form
of quadratic programming.

In this section we shall restrict the generality to a further degree by re-
quiring that ¢ be linear and attain a specified value, that only linear equality
constraints be present, that u be

il ) = (i Hdiw)% — min 1)

where || - || represents the ordinary Euclidian norm, and that there be no
more functionals than control vertices. With these restrictions, and with the
assumption that the functionals are all linearly independent, a unique set of
d; exists. In this setting, ¢ need not be distinguished in any way from the
fj, since all are linear and each is required to attain a specified value.
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Thus, we shall consider finding dy, ..., d,, so that (1) and

m
Ji (Z[H + di]W(U)) = (2)
i=0
holds for j = 0,...,c. In this context, the issue of whether any functional
depends on time is irrelevant. Time can be handled as a sequence of discrete
events, treating each event as a static problem to be solved. This is implicit
for the interactive settings described in [1, 6, 7]. The treatment we present
here will follow the material in these three references, but it has a much
wider applicability. For example in [3], target functionals provide physically-
based forms of dynamic modification, and linear constraints, presented there
with a geometric interpretation, are treated essentially as in [7]. In [11],
precisely the same treatment of linear constraints as in [7] is applied to free-
form deformations to achieve a means of direct interactive manipulation on
surfaces. To review the linear algebra we employ below, consult [9].
Since the f; are linear, the j™ equation of (2) can be rewritten as

S Fud, = 5, where Fyy = f;(NP(u)) and £, =7, — 3 Pfy (NI(w)
=0 =0

or, more compactly in matrix-vector notation
Fd=b (3)

Since we have no more functionals than control vertices, F will be square,
or it will have fewer rows than columns (the usual case). The linear indepen-
dence of the f; implies that the rows of F will be linearly independent. A
common special case is the one in which some of the f; are chosen to preserve
a geometric property. That is, some of the f; already take on the value ~;
for the original, unmodified curve, and correspondingly 3; = 0.

To find a solution to (3) with side condition (1), we write d in terms of
mutually orthogonal components, one in the row space of F and the other in
the null space of F [15]:

d=F'v+z (4)

where v is some vector of length ¢ + 1, and Fz = 0 (implying that the dot
product of (FTv) with z is 0). With this representation, we see that

ld* = (F"v +2) - (F'v +2) = (F'v) - (F'v) + 22 = [[Fv|* + 2]
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We wish to solve (3) with a vector d of minimum length. We begin by
observing that this system does not depend on z:

b=Fd=FF"v+2z) =FF'v+Fz=FF'v

and therefore
v=(FF")"'b (5)

The components of z constitute parameters irrelevant to the system, yet they
contribute to the length of d, so we obtain the minimum length solution to
(3) when by setting z = 0. Substituting (5) into (4) with this setting leads
to
d=FT'(FF")'b

where the matrix FF? is nonsingular under our assumption that the rows of
F are independent.

Since the inverse of F = FFT is given by adj(F)/det(F), where adj(F) is
the adjoint matrix of F, this solution can be re-expressed as

d = F"adj(F)b/f (6)

where f = det(ﬁ‘). Letting F; and F; denote the i and j™ rows of F,
the 4, j™ element of F is f;; = F; - F;. The cofactor constituting the i, j*™

element of adj(F) will be denoted by a;, and for small (i.e. three rows or
less) systems, these cofactors may be expressed compactly in terms of the
elements of F. With large numbers of constraints it would be inefficient to
compute d using (6), and a QR decomposition of FT should be used instead
[9]. However, for small sets of constraints, particularly in an interactive
setting, this is a very good approach to take.

If these constraints are to be applied during interactive manipulation,
we divide the solution into a preprocessing stage and an iterative stage. In
the preprocessing stage we compute C = FTadj(F)/f. The iterative stage
consists merely of multiplying a sequence of b’s by C to obtain a sequence
of d’s. Only those columns of C corresponding to nonzero components of b
need be computed. The preprocessing stage is performed at the beginning
of an interaction; e.g. at the press of a mouse button, and the iterative stage
is applied throughout the interaction; e.g. during movement of the mouse.

A system composed of a single constraint is given by

Fod == 60 (7)
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Figure 1: A single constraint.

The solution for this system is

d= FIB/foo

At a given point @ on the curve, (7) can be used to constrain position,
tangency, or a higher derivative by setting the i** component of Fy equal to
the value or appropriate derivative of N/*(u) evaluated at u. However, the
position of the curve at u will vary if any derivative is constrained. Figure 1
illustrates two examples. It shows the application of a single constraint at
“x”. The original curve is solid, while successive manipulations are dotted
and dashed. In (a), a positional constraint is applied while higher derivatives
are free to vary. In (b), the tangent is changed.

By constraining the position at %, while applying change through prop-
erties expressible in terms one or more other functionals, modifications may
be controlled directly and intuitively at the fixed position on the curve. Two
such examples are special cases of manipulations that impose two, respec-
tively three, constraints.

For a system of two constraints:

® -] a]

d=F" { —fo,l fo,o }Tﬂl/f

whose solution is:

where

¢ A £2
[ = f0,0fl,l - f0,1



The position of the curve is fixed by setting the components of Fy equal to
the values of the functions N*(u) at a point u. Examples of such systems are
given in Figure 2. The figure shows the application of a double constraint at
“x”. Tangent direction and magnitude are varied in (a) and (b), respectively,
while position is fixed.

Figure 2: A double constraint.

Three constraints can be applied using a system of the form

Fy 0
F1 d - 0
F, Ba

the solution to which is given by

d=F7T { Qo2 Q12 (22 ]T ﬁ2/f

where o o
Qo2 = Jio,1]i172 - Ji1,1]i0,2
Q12 = ]io,l,]io,Q - Jio,ofl,z
Q29 = f0,0f1,1 - f02,1
and

[ = fo2002 + fipouo + fapaas.

Figure 3 illustrates two applications of the triple constraint system. In (a),
tangency is varied while preserving position and second derivative. In (b),
position is varied while curvature (determined by first and second derivatives)
is preserved.



Figure 3: A triple constraint.
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Figure 4: Modifying curvature.




Figure 4 illustrates manipulations of the second derivative vector relative
to a fixed position and first derivative vector that alter and preserve curva-
ture. In (a), curvature magnitude is varied by moving the second derivative
vector perpendicular to the first derivative vector. In (b), curvature magni-
tude is preserved by moving the second derivative vector parallel to the first
derivative vector.
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