
Cubic precision Clough-Tocher interpolationStephen MannComputer Science Department, University of Waterloo, Waterloo, OntarioN2L 3G1, Canada, (519)888-4567x4526, FAX (519) 885-1208The standard Clough-Tocher split-domain scheme constructs a surface el-ement with quadratic precision. In this paper, I will look at methods forimproving the degrees of freedom in Clough-Tocher schemes. In particu-lar, I will discuss modi�cations to the cross-boundary construction thatimprove the interpolant from quadratic precision to cubic precision.Keywords: Scalar Data FittingAbbreviated title: Cubic precision Clough-Tocher interpolationIn the general scattered data interpolation problem, we are trying to �nda smooth (at least C1 continuous) bi-variate function F (x; y) such that Finterpolates a set of data values at prescribed locations, i.e., F (xi; yi) = zifor i = 1; : : : ; N . In triangular scattered data �tting, we also have a set oftriangles T = fT0; : : : ; Tn�1g that form a proper triangulation [9] with thevertices of T 2 T being from f(xi; yi)g. Commonly, we will also have normals(�rst partial derivatives) at the data points.We could try to �t a single cubic patch per triangle, which we will express inB�ezier form as in Figure 1 (see Farin's book [5] for details on triangular B�ezierpatches). For the patch to interpolate the data points and normals, the Vi andthe Tij are uniquely determined. This leaves us a single center control point.Unfortunately, the single degree of freedom in this control point is inadequate1 Supported by the Natural Science and Engineering and Research Council ofCanadaPreprint submitted to Elsevier Preprint 7 July 1998
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T03Fig. 1. Control points of a cubic. The dashed line segments show a neighboringpatch.
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Fig. 2. Clough-Tocher control points. The dashed line segments and the \barred"points are on the mini-triangle of the neighboring macro-triangle.to achieve C1 continuity across all three boundaries of the patch. If only a C0interpolant is required, then one setting for this center point is the quadraticprecision point of Farin [3].One way to build a piecewise cubic, C1 function is to split each data triangle(henceforth refered to as a macro-triangle) at its centroid, and �t three patchesto each of the subtriangles (henceforth referred to asmini-triangles) (Figure 2).This was the approach taken by Clough-Tocher [1].Using a Clough-Tocher split, we again see that the corner points of the macro-triangle (the Vi) are uniquely determined by the data points, and the Tijare uniquely determined by the data normals. We now have one Ci for eachmacro-triangle boundary, which we can use to achieve C1 continuity withmini-triangle within the corresponding neighoring macro-triangle. The value2



of the remaining control points are uniquely determined by the C1 continuityconditions across the mini-triangle boundaries.It is important to note that in this contruction there are only three degreesof freedom per set of mini-triangles. The values of the Vi, Tij, and Ii1 have aunique setting for interpolating the data points and data normals, and oncethe Ci are set, the Ii2, and S have unique settings for achieving C1 continuityacross the mini-triangle boundaries. The only degrees of freedom are in thesettings of the Ci, each of which has a single linear degree of freedom.Clough-Tocher used a simple linearly varying crossboudary derivative to setthe degree of freedom in the Ci, giving an interpolant with quadratic preci-sion [8]. However, more principled uses of these degrees of freedom can resultin improved shape, as shown by several researchers. Kashyap [2] provides agood survey of Clough-Tocher interpolants, discussing the following methods:{ The C0 quadratic precision patch that �ts a single cubic to each macro-triangle;{ The original C1 Clough-Tocher interpolant;{ The Farin-Kashyap [6] C0 interpolant that has cubic precision;{ The Farin [4] C1 interpolant that attempts to minimize the C2 discontinuityacross macro-triangle boundaries;{ A new C1 scheme for minimizing the C2 discontinuities across mini-triangleboundaries; note that this scheme reproduces a subspace of cubic polyno-mials, but does not reproduce all cubic polynomials;{ An iterative scheme that repeatedly minimizes the C2 continuity acrossmacro- and mini-triangle boundaries, using the previously constructed sur-face as a starting point at each step.These schemes are all attempting to achieve several goals: C1 continuity, min-imization of C2 discontinuity, and cubic precision. However, none of the aboveschemes has both C1 continuity and cubic precision. In the rest of this paper,I will present methods for achieving these two goals.3



To understand the new method, we will �rst look more closely at Farin'sapproach [4]. Farin's approach is to initially �t a single cubic to the macro-triangle. The center point of the patch is constructed to obtain quadraticprecision [3]. This quadratic precision patch will meet its neighbors with onlyC0 continuity. To achieve C1 continuity, Farin subdivides this patch to getinitial settings of all the control points, and then adjusts the center point ofeach mini-triangle to minimize the C2 discontinuity across the correspondingmacro-boundary. After computing all three center points, Farin then contin-ues the Clough-Tocher construction to reestablish C1 continuity across mini-triangle boundaries. Because Farin starts with a quadratic precision patch,this method has only quadratic precision.The key to getting cubic precision is to realize that Farin minimizes the C2 dis-continuity between two mini-triangles of adjacent macro-triangles. To get cu-bic precision, we take a di�erent approach: For each edge of a macro-triangle T ,consider the two macro-triangles adjacent to this edge. Use Farin's method tominimize the C2 discontinuity between cubic patches �t to these two macro-triangles. Next, subdivide this macro-triangle, keeping the Ci point adjacentto the edge over which we have just minimized. Repeat this for the other twoedges of T . The points Ii1 are positioned to interpolate the normal data ofT . And the remaining points (Ii2 and S) are uniquely determined by the C1conditions across the mini-triangle boundaries.This scheme will both be C1 and has cubic precision. The continuity followsfrom the Clough-Tocher constuction. To see cubic precision, note that if thedata at two adjacent macro-triangles comes from a single cubic function, thenFarin's C2 minimization scheme will reproduce this cubic (as it will have no C2discontinuity). If the data at T and all three adjacent macro-triangles comesfrom the same cubic, then the application of Farin's method to each boundaryof T will produce the same cubic. Since the setting of the remaining interiorpoints to achieve C1 continuity is unique, this construction will reproduce theoriginal cubic over T . 4



The use of Farin's C2 minimization method is not the only way to achievecubic precision. All that is required is a crossboundary construction with cubicprecision. For example, instead of using Farin's C2 minimization construction,we can instead use the crossboudary of Foley-Opitz [7], who set C of themacropatch to reproduce a cubic and be C1 otherwise.The equations for these construction can be found in the original papers,and a full set of equations for these new C1 cubic precision Clough-Tocherinterpolant can be found in an expanded version of this paper [8].References[1] R. Clough and J. Tocher, Finite element sti�ness matrices for analysis of plates inbending. In Proceedings of Conference on Matrix Methods in Structural Analysis,1965.[2] Praveen Kashyap, Improving Clough-Tocher interpolants, CAGD 13 (1996) pp629{651.[3] Gerald Farin, Smooth interpolation to scattered 3D data, in: R.E. Barnhill andW. B�ohm, eds, Surfaces in CAGD, North-Holland, Amsterdam (1983) pp 43{63.[4] Gerald Farin, A Modi�ed Clough-Tocher Interpolant, Computer AidedGeometric Design, 2 (1985) pp 19{27.[5] Gerald Farin, \Curves and Surfaces for CAGD: A Practical Guide, fourth edition,Academic Press, 1997.[6] Gerald Farin and Praveen Kashyap, An iterative Clough-Tocher interpolant,Mathematical Modeling and Numerical Analysis 26, pp 201{209.[7] Thomas A. Foley and Karsten Opitz, Hybrid cubic B�ezier triangle patches, inMathematical Methods for Computer Aided Geometric Design II, T Lyche andL Schumaker (eds.), Academic Press, 1992, pp 275{286.[8] Stephen Mann, Cubic Precision Clough-Tocher Interpolation, Technical ReportCS-98-15, Computer Science Department, University of Waterloo, 1998.http://cs-archive.uwaterloo.ca/cs-archive/CS-98-15/[9] P. M. Prenter, Splines and Variational Methods, Wiley and Sons, 1975.5


